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A Major Discovery in Mathematical Physics
Demonstrating the Emergence of Algebraic
Structure from Physical Invariance

Paper Presented

Isomorphism between Complex Quaternionic Structure and Three-Dimensional
Multiplicative-Invariant Geometry

— From Multiplicative-Norm-Preserving Closure to Energy—Phase-Gradient
Representation

Concise Abstract

This study investigates how quaternion algebra can emerge from the physical multiplicative
invariance of complex energy, instead of presupposing an abstract quaternionic structure and
applying it to a physical system. A complex dual-energy state is defined as S =P + iQ, with
the normalized multiplicative invariant I MI =N _ C(S) = SS* = P2 + Q2 The complementary
energy freedom Q is then unfolded into a three-dimensional phase-gradient vector Q”. Under
the normalization condition Q* = |Q7J?, the bridge relation I MI=N_H(P + Q") is established
between physical multiplicative invariance and the quaternion norm.

A multiplicative norm-composition law, N(A © B)=N(A)N(B), is subsequently imposed
on a general rotationally covariant scalar—vector bilinear product in three dimensions. This
condition determines the initially unspecified coefficients as o = 1 and f = +1 and thereby
reconstructs standard quaternion multiplication uniquely up to the choice of spatial
orientation. Quaternion algebra is therefore interpreted not as an arbitrarily introduced
abstract computational device, but as a norm-preserving, noncommutative composition
algebra that emerges when the multiplicative invariance of complex energy is closed in three-
dimensional directional space.

The result demonstrates that a physical invariant can select the mathematical structure
required to express its own closure. It provides a concrete mathematical-physics realization of

the “essence-based inductive ontology” pursued by COD and proposes a bottom-up scientific
methodology for investigating the physical origins of abstract algebraic structures.

Introduction to the Paper
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The essential question addressed by this paper is:

Is quaternion algebra merely a useful abstract algebra chosen by humans to describe nature,
or is it an algebraic structure that necessarily emerges when physical invariance is closed in
three-dimensional space?

The paper approaches this question through the following logical chain:
Complex Dual Energy

= Normalized Physical Multiplicative Invariance

= Three-Dimensional Energy—Phase-Gradient Representation

= Multiplicative Norm Composition
= Quaternion Algebra.

1. Physical Multiplicative Invariance of Complex Energy

The physical starting point is the complex dual-energy state

S=P+1iQ,
where
i2=-1.

Here, P denotes the real energy component, while Q represents its complementary energy—
spatial freedom. The normalized multiplicative invariant of the total complex-energy state is
defined as

I MI
=N_C(S)
= SS*

=p2+ Qz.

This relation does not imply that the two components are separately conserved. It expresses a
relational conservation structure in which the constituent freedoms may be complementarily
reorganized while the norm of the total complex-energy state remains invariant.

Moreover, the complex norm intrinsically satisfies the multiplicative composition law

N_C(S:S2)
=N_C(S)N_C(S).

Multiplicative norm composition is therefore not an additional condition introduced
retrospectively to obtain quaternion algebra. It is already present in the multiplicative-
invariant structure of complex energy.
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2. From Complex Energy to Three-Dimensional Phase Geometry

The complementary scalar freedom Q is unfolded into a three-dimensional phase-geometric

vector:

Q—)
= Qie1 + Qze2 + Qses.

Within the COD energy—phase-gradient representation, each axial component is written as

Qi = Kil; = Ci.
Therefore,

Q—)
= Xi-3(kiti)e;
= 21:13Ciei.

Here, x; denotes the phase gradient along the ith axis, r; is its complementary spatial degree of

freedom, and

kit = G

represents the axial physical multiplicative invariant.
The corresponding scalar—vector state is

Q=P+Q,

and its quaternion norm is

N_H(Q)

=09

=P +[QF,

Under the normalization condition
Q=Q°P,

the following bridge equation is obtained:

I MI
=N_C(P + 1Q)
=N _H(P + Q).
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This equation shows that the physical multiplicative invariant of complex energy and the
three-dimensional quaternion norm are two representations of the same normalized invariant
structure.

3. Emergence of Quaternion Algebra from Multiplicative Norm Composition
Let the state space be

A=R D R?,

with

A=(a,u), B=(b,v).

Without introducing the quaternion multiplication table in advance, consider a general three-
dimensional rotationally covariant scalar—vector bilinear product:

A OB
= (ab — au-v, av + bu + fuxv).

The coefficients a and P are initially undetermined. The following condition is then imposed
as the algebraic inheritance of the physical multiplicative invariance of complex energy:

N(A © B)=N(A)N(B),
where
N(A) = a2+ |[u]’

Requiring this identity to hold for arbitrary a, b, u, and v yields

and

A © B
=(ab —u-v, av + bu + uxv).

4
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Choosing the spatial orientation 3 = +1 gives

A © B
=(ab —u-v, av + bu + uxv),

which is exactly the scalar—vector form of standard quaternion multiplication.

It follows that
RBR3 ©) =H.

The alternative sign B = —1 does not represent a different physical principle; it corresponds to
the opposite spatial orientation. The multiplicative norm-composition condition selects both
the inner-product term responsible for scalar closure and the cross-product term responsible
for noncommutative directional generation.

4. What Has Been Newly Revealed?

This study does not claim to discover quaternion algebra itself. It addresses a more
fundamental question:

Why should the three-dimensional energy—spatial structure of nature require quaternion
algebra?

The answer proposed by this paper is:

Because the normalized multiplicative invariant of complex energy must remain preserved
under three-dimensional rotationally covariant scalar—vector composition.

Quaternion algebra is therefore reconstructed as the algebraic structure that emerges when the
following conditions are simultaneously satisfied:

e complex dual energy,
e physical multiplicative invariance,
o three-dimensional directional freedom,
e rotational covariance,
o multiplicative norm composition, and
e noncommutative directional closure.
The central result can be condensed into the following statement:

Quaternionic multiplication emerges as the three-dimensional scalar—vector composition law
that preserves the normalized multiplicative invariant of complex dual energy.

5. Significance for Scientific Methodology

5
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148  The conventional mathematical construction of a physical theory often proceeds in the
149  following direction:

150  Selection of a Mathematical Formalism
151 = Application to a Physical System
152 = Explanation of Observed Phenomena.

153 The present study reverses this order:

154  Identification of Physical Essence and Invariance
155 = Establishment of Minimal Spatial Conditions

156 = Openness of the Possible Composition Laws

157 = Selection of an Algebraic Structure by Invariance
158 = Independent Physical Verification.

159  This is the central methodology of the “essence-based inductive ontology” proposed by COD.
160  Essence-based inductive ontology does not force nature into a previously selected

161  mathematical framework. It first identifies the most fundamental invariant relation of a

162  physical system and then inductively determines which mathematical structure can express
163 that invariance consistently.

164  In this study, the method performs a concrete selection:

165  Physical Invariance
166 = Algebraic Emergence.

167  Essence-based inductive ontology is therefore implemented not merely as a philosophical

168  declaration, but as a mathematical-physics procedure that selects a specific algebra from a
169  general composition structure containing undetermined coefficients.

170 6. Time-Independent Phase Equilibrium and QGE Verification

171 The physical foundation of this research is not relaxation along a physical time axis, but the
172 phase equilibrium of a time-independent complex stationary-wave structure:

173 o¥/ot=0.
174  Computational iteration in QGE therefore does not represent the temporal evolution of
175  nature. It is an algebraic procedure for determining whether a single stationary phase

176  structure can simultaneously satisfy the following conditions:

177 kit; = G,

178  N(Q1 © Q)
179 = N(Q:)N(Q-),
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and
A(AD) — 0.

The mathematical quaternionic isomorphism is established analytically. The following
properties, however, remain independent physical realization conditions to be tested by QGE:

e autonomous emergence of three independent phase-gradient axes,

o three-axis isotropy or stable orthogonal organization,

e axial norm closure,

e noncommutative directional generation,

e simultaneous minimization of the MI residual and quaternion-closure residual, and

« distinction among the autonomous emergence of 90°, 120°, and \3 geometry without
imposed target values.

QGE is therefore not a circular device required to establish the theorem. Its role is to test, in a
falsifiable manner, whether the theorem’s physical realization conditions emerge
autonomously in an actual time-independent phase-equilibrium system.

7. Significance for Mathematical Physics and the History of Science
This paper redefines the relationship between abstract algebra and physics.
The conventional direction is

Abstract Algebra
= Physical Application.

The direction proposed by this study is

Physical Invariance
= Algebraic Selection
= Physical Realization.

The significance of this transition does not lie in another application of quaternion algebra. It
lies in demonstrating, through a concrete mathematical construction, that a physical invariant
can select the algebraic structure required to express itself.

When the multiplicative invariance of complex energy is unfolded into three-dimensional
directional space:

e the inner product produces scalar closure,

o the cross product generates a new direction,

e spatial orientation appears through = +1,

e noncommutativity emerges from the antisymmetry of the cross product, and
o the total norm remains multiplicatively preserved under composition.
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Each component of the algebra therefore performs a structural role required for the closure of
physical invariance, rather than functioning as an arbitrary symbolic rule.

Conclusion

The essence of this paper is summarized by the statement:

A major discovery in mathematical physics demonstrating the emergence of algebraic
structure from physical invariance.

Its specific mathematical structure is

Complex Dual Energy

= Normalized Physical Multiplicative Invariance

= Three-Dimensional Energy—Phase-Gradient Representation
= Multiplicative-Norm-Preserving Closure

= Quaternion Algebra.

In compact form,
I MI

=N _C(P+1iQ)
=N_HP +Q),

together with

N(A © B)
= N(A)N(B).

These conditions select
a=1, pB==*I

and establish
RBR3 ©) =H.

The central achievement of this study is therefore not another use of quaternion algebra, but a
reconstruction of its physical origin. When the multiplicative invariance of complex dual
energy is unfolded into three-dimensional energy—phase-gradient geometry, quaternion
algebra emerges as the composition algebra that preserves that invariant.

This is a mathematical-physics result showing how algebraic structure can emerge from
physical invariance and a representative realization of the essence-based inductive ontology
pursued by COD as a practical scientific problem-solving methodology.
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structure from physical invariance.

a1 AL 2= ChEa 20

Complex Dual Energy
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= Quaternion Algebra.
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